ST102 HIGHLIGHTS
2) Descriptive statistics

Sample mean

7 ZX_SfKi_

K
n S Zi_lxﬂ;(xi)

Sample median

(x40

G50 = X(n+1) OF 2
2

Sample standard deviation

n+k—1 ny _ n!
Unordered (#)( & ) (k) CEDI
Birthday problem
n!

n 7.1( 1 Ordered outcomes w/o replacement
peay = - )t _

~ Ordered outcomes with replacement

n = 365 days, k = Number of people
Independence

A1l B,P(AnB) =P(A)P(B)

n—1

—\2 —2 —2
N jz:;l(xi—x) _ j LXK Jzzzmxﬁ—nx
n-—1

n—1
Sample variance

52 =Z?:1(Xifx) _ L XP —nX =Z?:1fiXiZ*nX

n-—1 n—1 n—1
Linear transformation of random variable

— X;+b X;+ b

Y = % = az;in =aX+b

,_Shi(aXi+b-aX-b)' a?yL,(x-X)°
S = n—1 =

2.2
=a’s,
n—1 X

(3) Introduction to probability theory

Key properties of set operators

Distributive laws : AN (BUC) = (ANB)U(ANC)
Distributive laws I: AU(BNC) = (AUB)N (AU ()
De Morgan's laws I: (A N B)¢ = A° U B¢

De Morgan's laws II: (A U B)¢ = A° n B¢

Partitions and pairwise disjointedness
An4 = (Z)andP(UAi) =Y P
Probabilities of equally likely outcomes

Number of desired outcomes
P(Outcome) =

Total number of outcomes in sample

Combinatorial counting rules

With replacement | W/O replacement

Ordered k

n!
n

(n —lk)!

i=1

P <ﬂ Ai> = ]l[P(Ai) = P(4) - P(Ay)
i i=1

P(AIB) = P(ANB) _ P(A)P(B)

e - e W

Conditional probability

4
P(AIB) = —P(P(E)B)

Chain rule of conditional probabilities

i=2

n
P(A, N Ay N As .0 A,) = P(A) HP <Ai

1)

Jj=1
= P(Al)P(Az|A1)P(A3|Az nAl) wP(AplAn-_1 N .. Ay)

Total probability formula

i=1

K K
P(4)= ) PANBY = ) PUAIBIP(B)
i= i=1
Eg P(4) = P(ANB) + (P(ANn B°) = P(A|B)P(B) + (P(A|B)P(B®)
Bayes’ theorem

P(5,]4) = P(AnB))

P(4[B;)P(B;)
P(A)

J 1..K
SE, PaaiByp(ay ) € 0

(4) Discrete random variables (DRV) (Stepwise)

DRV probability density function (PDF)
Conditions: P(X = x) = p(x) = 0 and Z px) =1
XieS
_(pG)forx=1012..n
P { 0 otherwise

DRV cumulative distribution function (CDF)

F(x)=P(X <x),x€ RandF(x) = z p(x;)

X{ESXiSX

0whenx <0
F(x) ={F(x)forx =0,1,2..n

+o0
Conditions: f(x) = 0 and fl)dx=1
1whenx >n s
Key properties of DRV CDF f)# PX=x)=PX=x)=0
F(x) is strictly increasing: x; < x,, then F(x;) < F(x;)

0

) = -F () = F')

lim F(x) =0, lim F(x)=1
x—>—00 x—+00

CRV CDF
Forany x; < x5, P(x; < X < x,) = F(x) — F(x,)

F(x)=P(X <x) = f f(t)dt,vx
DRV expected value, E (X) or u -

Median: F(m) = 0.5

K
E(O = xip() + =+ xcp (i) = ) xip()
i=1

Interquartile range: q;5 — g5

K (+) skew: Mean > Median, (-) skew: Mean > Median

2) — 42 2 = 2 .

EQE) = xipGe) -+ xiep (i) ZX‘ P Pareto distribution
i=

DRV variance and standard deviation, Var(X) or a2

Owhenx < k
fG) = {:a_lil whenx >k, {k,a} >0
K
Var(X) = EX?) - E(X)? = z["i TG

i=1

(1) ak®>0,x**1>0 = f(x)>0
=E{X-EQX)]}}

400 ke 1 +oo .
) J- Fdx=ak“ (—_a)f —ax~% ldx
—00 k
o= JEXD —EX)E =

i[xi ~EX)IPp(x) [ak”
i=1

e = Rk =1

Linear transformation of random variable

E(aX +b) =a2xp(x)+b2p(x) =aEX)+b

Var(aX + b) = E{[aX + b — aE(X) — b]?}

Owhenx <k
F(X)={1 .

k
- (—) when > k
X

k
E() = rxa— 1
= E{a?[X — EX)]?} = a?E{[X — EX)]?} = a?Var(X) Var(x) = ( k )z( a )
-1 )
Constants: E(b) = b,Var(b) = sd(b) =0 “ ¢

CRV expected value, E(X) or u
DRV moment generating function (MGF)

0

E(X) = f+mxf(x)dx
M(6) = Ee™) = ) e™p(x) -
x=0

E(X?) = ermxzf(x)dx
MAO) = 2 M, () = M0) = D) -

CRYV variance and standard deviation, Var(X) or o2
a
MY () = 52 M(0) = M (0) = E(X?)

Var(X) = E(X?) — E(X)?

[ rcorrcoa
Var(X) = E(X?) — E(X)? = M}/ (0) — [M,(0)]?

(4) Continuous random variables (CRV) (Continuous)
CRV PDF

o= EG E02 = |[ - EORF@x



CRV MGF
+00

M, (t) = E(e™) = fe”f(x)dx

MUE) = 52 M(0) = M(O) = EX)

Var(X) = E(X?) — E(X)? = My (0) — [Mx(0)]?

Summary
DRV CRV

Upper Upper

E(X) > xpG f xf (x)dx
Lower Lower

Var(X) E(X2) — E(X)? E(X2) — E(X)2
Upper Upper

M, () Z e*p(x) f et f(x)dx
Lower Lower

(6) Common distributions of RV

Binomial distribution, X~B(n, ), from (3)

px) = {(:) (1 —m)"* forx =0,1,2...n
0 otherwise

Owhent <0
- x
e {Z (Prta-—mmtor e=012..x
=0
E(X) =nm

Var(X) = nn(1 —m)
M () = [etn + (1 - )"
WMr=20,1-m)=20=px)=0
n
@ Z O a-mr*=m+a-ml"=1"=1
x=0
Discrete uniform distribution
1
p(x) = P(X =x) = {E’Vx =12.K
0 otherwise
0forx <0
S 1
F(x) = ZE,W =12..K
i=1

1fori>K

K+1

EX) = 2

_ K?-1
Var(X) = P
~ et(1— ekt)
@ M0 = KA—e)

(DK>0,p(x)>0

&1
@ ) p=1
i=1

Bernoulli distribution, X~Bernoulli(r)

mforx =1
p(x) ={1-mforx=0
0 otherwise

0forx <0
F(x)=[1—nfor0£x<1
1forx>1
EX)=m

Var(X) = n(1 - 1)
M,(t)=(1—-m)+en
Dr>01-7>0=px)>0
.
@ Y pe)=n+0-m=1
P
Poisson distribution, X~Po(2)

e~A)x

A
p(x) = {T forx =0,1,2 ...

0 otherwise

x

lt
2 _
Fx)=1{¢ E —t!,fort 01,2 ..
t=0

) 0 otherwise
EX)=2
Var(X) =1
M, (1) = eAe-1)

De*>0120,x!20=p(x) =0

n n
e hpx 2>
) E =e? E —=etet=1
x! x!
i=0 i=0

=
Note: Z == e* (Taylor series approximation)
x!

i=0

Linear combinations of the Poisson distribution

0.5X~P0(0.51)

n n
X, + X,~Po(A, + A3) = in ~Po (Z ai>
i=1

i=1

Continuous uniform distribution

1
£ ={m,f0ranSb
0 otherwise
Oforx<a
—a
fora<x<b
—a

1forx >b

X

F(x) =P(X <x) =J’xf(t)dt={b

E(X)=b+a

(b —a)?
12

Var(X) =

etb _ eta

&) M, (t) = m

Db—-a>0 = f(x)>0

(z)fb LY L A
. b—a x= b—al, b—a
Exponential distribution, from (4)

_(reMforx>0,1>0
f(x)—{ Oforx <0

0forx <0
—e M forx >0

F(x) = {1

E(X) =%

1
Var(X) = —

AZ
M(t)——’1

T At
MA>0e™>0=f(x)>0

+00 +00

2) f AeMdx = (—1)f —AeMdx = —[e M| =1
0

(+) Memoryless: P(X > s+ t|X >t) =P(X >s),5,t=0

Normal distribution, X~N (4, a2)

1 _G-w?
flx) = e 207 ,Vx€ER
ovV2m
w=[ =
F(x) = e 20 t
—w0 OV 2T
EX)=pn

Var(X) = o2

) My (0) = eH* 2

1 _Ge=w?
>0,e 202 >0=f(x)>0
aV2n

®

+o0
HQ@ | fdx=1
Linear combinations of the normal distribution
WX £Y~N(y £ 5,07 +03)
(2) aX £ b~N(au + b, a%c?)
(3) aX + bY~N(au, + bu,,a*sf + b?a})

Standard normal, XJ;“ =Z~N(0,1%)

1 2
f(x) =—=e Z,vx€R
T

V2r

x
—w V21

EX)=0

1 t2
RO =00 = [ —eTar

Var(X) =1

P(a<X<b):P(¥<Z<¥):¢(¥)7¢(?)

Poisson approximation of the binomial distribution
X~B(n,m) = nw <5 = X~Po(nmw = 1)
Normal approximation of the binomial distribution
X~B(n,m) =>nw>5andn(l—-m) =5..
R X~N(nn’, nr(1l— n))
CCL:P(X<x)=P(Y <x+0.5)
CC2:P(X <x) ~ P(Y <x—0.5)
CC3:P(X =2 x) =~ P(Y 2x—0.5)
CC4:P(X >x) = P(Y > x + 0.5)
($) Normal approximation of the Poisson distribution
X~Po(1) = 1> 10 = X~N(A, 1)
P(X=x)=P(x—-05<X<x+40.5)byCC
(6) Multivariate random variables

Discrete joint probability function

pl,y) =PX =xnY =y) = pxy(x,y)



n n
Conditions: p(x,y) = 0 V(x,y) and Z Z plx,y)=1

x=0y=0

Discrete univariate marginal distribution

n

P =)= ) pr = k) k€ (13,2 %)

y=0
EOO = ) xpe(®)

E(XY) = z xy pxy (%, ), xy € {0, ..., k}
xy=0

Discrete conditional distribution

PX=xnY=y)

PY|X(J’|X):P(Y:}’|X:X): PX =x)

— pxy(%,y)
6]

Eiiyl Pxy (%,) _ px()
px(x) T px(®)

Conditions: Pyx(y|x) = 0 and
Covariance: Measure of association/dependence

Cov(X,Y) = Cov(Y,X) = E{[X —EX)][Y —E(V)]}...
W= EXY)—EX)E®)
Properties of covariance

Cov(X,X) = E(XX) —EX)E(X) = Var(X)
Cov(k,X) = E(kX) — E(k)E(X) = kE(X) —kE(X) =0
Cov(aX + b,cY +d) = - = acCov(X,Y)

Correlation: Measure of linear association

Cov(X,Y)

JVar(X)Var(Y)

Positive coorelation: Corr(X,Y) =~ +1

Corr(X,Y) = Corr(Y,X) =

Negative coorelation: Corr(X,Y) = —1
Not coorelated: Corr(X,Y) = 0
Independence

pxy (%, ¥)

2200 *py(¥)

Dependent: Py x(y|x) =

Independent: pyy (x,¥) = px(X)py ()

n
Discrete & independent: p(x; N x5 ... x,) = l_[p(xi)
i=1
n

Continuous & independent: f(x; N x; ...x,) = l_[f(xi)

i=1
Independent random variables are also uncorrelated
ie. Cov(X,Y) = 0and Corr(X,Y) =0
Joint distributions of random variables
n n
E (Z aX; + b) = Z @ EX) +b
=1 i=1
EgE(XX+Y)=EX)+E()
Eg E(E(X)) = E(X) and E(E(X)?) = E(X)?

n n
Var (Z aX; + b) = Z a?Var(X) + ZZ Z a;a;Cov(X;, X;)

i=1 i=1 i<j

EgVar(X+Y) =Var(X) + Var(Y) + 2Cov(X,Y)
n n
Independent: Var (Z aX; + b> = Z a? Var(X;)
i=1 =1
Eg Var(X £Y) =Var(X) + Var(Y),as Cov(X,Y) =0

n n
Independent: E <1_[ aiXi) = l—[ a,E(X;)

i=1 i=1
Eg E(XY) = E(X)E(Y)

(7) Sampling distribution

Sampling distribution

Population distribution: X~N (u, a2)
_ a?

Sampling distribution: X~N (u, —)
n

Chi square distribution, t-distribution — refer to (26)
Central limit theorem
If n>30, then any random sample from any

distribution with sample mean y and sample variance
o? is asymptotically normally distributed:

i X~N i
ie. = /,t,n

F-distribution - refer to (30)

22) Point estimation |

Method of moments estimator (MME)

(23) Point estimation Il

Sample moment Population moment
1 =
My =— X, =X=g EX)=pn
n i=1
1 n
My==) Xt =8+ E(X?*) =0%+4*
i=1
1 n
My == Xk E(X*)
n i=1

Let k denote the number of parameters in the random
distribution (ie. Normal = 2, Poisson = 1). Use integrals
for continuous variables.

Aun = EX) = X
RS 1%
P = EXD) = EX)? =2 XF = K2 == (% = £
i=1 i=1

Unbiased sample variance

§s2=

i gz G X
i n

i=1

1 < - 1
n—lg(xi_x)zzn—l
E(0?) = E(Mp) — E(M{) = E(X*) - E(X?)
= E(X?) — [Var(X) + E(X)?] = o2 _H#_%_H#

O.Z
E(0?) —E(s*) =— >0 = Biased

Mean square error (MSE)
Bias () =E(8) —E©) =E(9) -0
= E@=poE(Y aX)=EX) Y a=u
1
Where Zai :Z;: 1
MSE = E {(8 - 0)°} = {Bias(9)} + Var(8)

= Var(p) = %2 o Var (Z al-Xi) = Var(X;) Z a? = %2
Where Z a? = iz =1

n n

Consistent estimator: lim MSE = 0
n—oo
Bias(j1) = E(1) —u =0

O'Z
Var(@) = o= MSE(&)

Standard error
S

SE(X) = ¥

Maximum likelihood estimator (MLE)
n
L©) = f0, - X 0) = [ [ 0
i=1

1(6) = InL(0)

di(e)
a0

Maximize log-likelihood function:
0=0=g(x)
fi, = E(X) = h(X)
MLE for non-differentiable (ie. Discrete) distributions
6= X max
Invariance property of MLE
If @ is the MLE for 6, then g(@) is the MLE for g(6)
ie. Solve for 8 first and sub g(@) in
MLE utilizes information about the entire population
distribution. It is often more efficient/accurate than
MME/LSE which uses E(X) and Var(X).
24) Point estimation IlI
MLE with unknown parameters
1(64,6,) = InL(64,6,)

dige,) _ di@y) _

dé, " do,
Fisher information

_ a?
Central limit theorem: When n is large, X~N (u, —)
n

- 1
When n is large, 6~N (9, r@)

n OInf (X; 0
1) = - f f(X;H)% ax

(25) Interval estimation

Confidence interval



Min. length of interval, max. coverage probability

T SCop |=a
n
- Ca/zﬂ' - Ca/zo'
=P (X - <pu<X+ ) =
Nl Vn
o known: [X — Cp/;SE(X), X + Coy2SE(X)|~N(0,1)
_ CopS > CapeS
=P (X ———=<u<X+ ) =a
Nl Vn

o2 unknown: [X — Cp/,SE(X), X + CoppSE(X)|~t,4

MLE-based interval

(26) y? distribution and t distribution

Chi-squared y? distribution

LetZ;i€1,2.,..kbeZ~N(0,1)

k
W:Zf+ZZZ+---+Z,f:ZZ}

i=1

Then W~yZ ("x? distribution with k degrees of freedom")

k
E(W) = Z E(Z?) = kE(Z?) = k[Var(Z) + EQ2)?] = k

i=1
Var(W) = kVar(22) = k[E(Z*) — E(Z®)?] = 2k
If W; are independent random variables and W; ~)(i2

k
Wy + W+ + W, = ZZLZ = U~Xfizpos
i=1

=

x? values can only be positive

Confidence interval for g2

<0 ~Xn-1

2 2
(n-1)S$ ZS(n—l)S] R
Cl—a/z Ca/z
T-distribution
Let Z~N(0,1) and W~y2

Z
——~ty

¥

n(X — =
5 il?_ﬂ R - )
= = ~taog
[ jm—nﬁ $
n—1 a2
n-—1

"T-distribution with k degrees of freedom"

E(T)=0,fork >1

Var(T) = fork > 2

k
k-2’
(27/28) Hypothesis testing
(One-tailed normal test)

Ho: = po vs Hy: pt > pg

Perform a one-tailed Z test at a level of significance

X -
Awwﬂmﬁﬂuam:PGZ %}wmn
0/\/5

=p=0C
If p < a, reject Hy. Otherwise do not reject H,
Vice versa for “smaller than” equality
(Two-tailed normal test)
Ho:pp= povs Hy: pp # 1o
Perform a two-tailed Z test at a level of significance

X -
Apply a Z test, P(Ju| = py) = P (IZI > —ﬂo> ~N(0,1)
a/Nn

:2P<ZZY_HO>:ZCZ:p
0/\/17

If p < a, reject Hy. Otherwise do not reject H,
(One-tailed T test)
Ho:pp = po vs Hy: pp > 1o

Perform a one-tailed T test at a level of significance

Apply a T test, P(u = py) = P <T > %) ~tp_1
=C,<p=<(,
If p < a, reject Hy. Otherwise do not reject H,
(Two-tailed T test)
Ho:pp = po vs Hy: p # 1o

Perform a two-tailed T test at a level of significance

X‘#o)
Apply aT test, P > =P\|IT| = ~ty_
pply (ul = po) (I | s ) "

X_”°>=2(ct <p<C)=p
5,\/% 1 2

ﬁZP(TZ

If p < a, reject Hy. Otherwise do not reject H,
(Normal variance test)
Hy: 0% = 6¢ vs H,: 02 > of

Perform a one-tailed y?test at « level of significance
52

Apply a chi-square test, P <)(,ZL,1 >— (n— 1)) =p
99

If p < a, reject Hy. Otherwise do not reject H,

Type | error: Rejecting the null hypothesis when it is
actually not false

P(Typelerror) = a

Type |l error: Not rejecting the null hypothesis when it
is false

P(Type Il error) =

ﬂ =p <Z < XUpper bound initial reject ~ HTrue)
a/Nn

Decision made
H, not rejected H, rejected
‘ H, 1-a a
True state 0
[ B 1-8

Power of a test: Probability of rejecting HO when H1 is
true

Determinants for power include: True difference (larger
differences in px-py, higher power), population
variance (smaller population variance, higher power),
knowledge of population variance (known, higher
power), sample size (larger n, higher power), design of
experiment (paired design, higher power)

(29) Inference for two normal samples

Two normal means with paired observations, o7, o
unknown, ny = ny (Unrelated, independent samples)

X—Y =2~z 5%

Hz = Hx — Ky

s2=

AN o
n_lz(xi—m—na—v)

Hoipz = pix =y = 0vs Hyt iz = py — piy <0

Perform a one-tailed T test at a level of significance

plT< nx+ny_2XX_Y_(ﬂx_#y) "
“lnx-1
J R N *
X Y

VnZ
P (T <5 )t

(Confidence interval)

- o S N
(X Y- ta/z,n—l ﬁ’x -Y+ ta/z,n—l \/_i)

Two normal means with oZ,0# known but unequal,
Ny * ny

Ho:piz = px —py = Ovs Hyzpiz = py — py <0

X7 = (-
Pl z< M ~N(0,1)

of o7

ny Ny

(Confidence interval)

Two normal means with aZ,07 unknown but equal,
Ny * ny

Hy:piz = px — pty = 0Vvs Hy: ptz = piy — pty <0
Perform a one-tailed T test at a level of significance

X =V = (ux — 1)

* VSE(ny — 1) + SZ(ny — 1)

T~tnyiny—2

Ifny = ny, 62 =

S}n—1)+S¢(n—1) S§+SE
2(n—1) T2

_0* [a-1)8% . (n-1sf|
" 2n-1) a? a2 | Xam-1)

(Confidence interval)

(5 + o) 155 n = 1) + Sh g = 1]

X-v + Ca/z,nx+ny—2

ny +ny —2



(30) Inference for correlation coefficients and

variances
Correlation coefficient
Cov(X,Y)
VVar(X)Var(Y)
E{[X - EQOIlY - EM]}
VIE?) —EX)?I[E(Y?) — E(Y)?]

p=Corr(X,Y) = Corr(¥,X) =

Sample correlation coefficient
L -0 -1

JEaon - 2 s -1

p=

XYY
XY —£Ses

Perform a two-tailed T test at « level of significance

Sk
P|IF| > S_Z ~Fanyx-1ny-1
Y

Do not write |F| or F

(81) Goodness of fit tests

Test if the distribution fits the data

Y XY — nXY

Identifying intervals X for continuous distributions

n
Number of intervals = T ie. (Z; =

100
Interval p = (m) %

X — o
S = Cp:O.l...

(32) Contingency tables

Test if two distributions are independent

5)

T o T CD) Ve

pl=1
Test if 2 samples are correlated
Hy:p=0vsH;:p<O0

Perform a one-tailed T test at a level of significance
|n—2
P|T<p =5 ~tph_a

Let U~x2 and V~x7

F-distribution

U/p
ViR W~F,

"F-distribution with degrees of freedom (p,k)"

E(W)=kf2,f0rk>2
_ 2k%(p+k-2)
var(W) = == o
U/t
(m) =W ~Fep

Test if 2 variances are equal
2 2

(23 3
Hy: —5=1vsHi:—5>1

Oy Oy

Perform a one-tailed T test at a level of significance

%
P(F >3 ) ~Fany-tny-1
Y

2
(zy - By)
p <X(2r—1)(c—1) = Z T ~)((zr—l)(c—l)
i

J

Test if probability of A from X is the same as B from Y

Zatromx T ZBfromy
n

ij =
Ey =PpZ,4
Ho:pax = Py VS Hi:pax # Dpy

Perform a one-tailed y? test at a level of significance

Category
(Discrete) 1 2 Total
Category _ _
(Continuous) (k1 ko] (=ka, k3] Total
Zi Zy Z; Z Zi=n
Pi P1 P2 1
E; E E, SE=Yz=n
Z, - E Z - E Z,—E, Z(zi —E)
(Z; —E)? | (Z;—ED? | (Z,—E,)? Z (Zi— E,)?
E; E; E, E,

Always aggregate Z; > 5

E; =pizzi

(All parameters in PDF known)
Hy:Z; = E; =np;vsHy: Z; # E; = np;

Perform a one-tailed y? test at « level of significance

- E)
P(Xé,n—l = Z% ~)(121,n—1
i

(Not all parameters in PDF known ie. Parameters are
estimated from the sample data)

Hy:Z; = E; =np;vs Hy: Z; # E; = np;

Perform a one-tailed y? test at « level of significance

(Z; - E)?
P <X§,n—1—d = z% ~Xen-1-d
13

Where d = Number of unknown parameters

=X

Egl=EX)= %

E.g. Poisson PDF with unknown 2 in 5 categories~yZ_,_,

E.g. Normal CDF with unknown g, g2 in 7 categories~yx%_;_,

- (2 - )
Z.. —E:.
Category P (ch—r—cﬂ = Z 4 e 4 )"’X(erl)(C—l)
1 2 Total ij
1 Zy 21 z Z1- (33) Introduction to i [ lysi
Gat ntroduction to linear regression analysis
ategory 2 Zy Zy, Z Z,_
2 Linear regression model
Total Z Z_4 Z Z_, n A )
Yi = Bo+ Prxi + &
Zy_
Ey = X Z Z_ _ = XYY
" ! B _Z()’i*}’)(’fi*x)_zxiyi_#
1= =2 - 2
Y(x; —x) 2 _ (Ex)
Ej Zxi n
Category 1 __
1 2 Total = M
x{ —nx
1 Eyy E;, Z E,_
Catego By =5 — B
29 ry 2 Ey Epy Z Ey_ Bo=V =P
Total Z E, Z E, n Normal linear regression model
7 —E. E(y;'):£D+B1xi:>5(y):£0+ﬁlf
ij — Eij
Category 1 Var(y;) = o?
1 2 Total
Cat 1 Zy—En | Zip—Epp 0 E(e)=0
ategory
2 th I Zn ; Ear | Zop ; Eap g Var(e;) = E(e?) = o
otal
2 E(E1) =p
(2 - Ey) )
L. 3 a
Eij Vur(ﬂl) = m
Category 1 '
N G
1 2 Total SE(B)) = =
2(x;
1| @amE | @u-EP '
Eyy Ey E(8.) =
Category 2 (Zoy = Ea)? | (Zop — Epa)? (Bo) = o
2 En Ey 2 2
: N o xf
7, - By Vv =—Xo——
Total > Guf) = 1) ar(Bo) = XS =97

Ho:pyj = pi-p-j Vs Hyipyj # pip-j

Perform a one-tailed y? test at « level of significance

SE(R) = é DI x2
) =7 5w =0 fat S =7



1
n-—2

62 =

> - ho - Bix)’
i=1

(34) Linear regression: Statistical inference
(Confidence interval for )
[/?o - ta/z,n—ZSE(gn)-Bo + fa/z,n—ZSE(Eo)]
(Confidence interval for ;)
[ﬁ1 - tu/z,n—st(l%):/% + ta/z,n—ZSE(ﬁl)]
Test if the slope of a regression model is non-zero
Hy:py =kvsHy: By #k

Perform a one-tailed T test at a level of significance

P <T i ik> ~tyy
SE(f1)

Residual analysis

& =y = (Bo + Prxi)
Plot £; against x; should yield no discernible pattern
(35) Linear regression analysis with minitab
ANOVA

n
Total SS = Z(yi —y)?

i=1

n
Regression S = 32 [Z(xi - JZ)Z]

i=1
n
Residual SS = Total SS — Regression SS = Z(yi - /?0 - ﬁlxi)z
i=1

1
n—2

Residual SS
n—2

6% =

Z(Yi —Bo— ﬁlxi)z =
i=1

_ RegressionSS  (n— )BT (x; — %)?] _ ( B )2
)

Residual S~ (y, _f, —jrn)’  \SECh

F-test for slope of a regression model is non-zero
Hy:fy =0vsH;:p; #0

Perform a one-tailed F test at a level of significance

()

Regression correlation coefficient

R= Regression SS Residual SS
B Total SS Total SS

R?represents % of data closest to the best fit line

Residual SS

_ _ n—2
Raaj = Total SS
n—1

(36) Prediction and diagnostics

Confidence interval for u(x) = E(y)

E(ﬁ(x)) = E(ﬁo) + E(ﬁl)x =Po+ Bix

oy _0% X0 —x)?
Var(A(n) = - x5e——7s
1 — ainterval: | y; + ¢, A2<1+—(X_f)2
—ainterval:{ y; + ta/zn-; [6°| - e f)z)

n
. 1 5 o 2
Where % = mz(” = Bo — Bix:)
i=1

The confidence interval only covers the true
expectation fi(x) = E(y). It does not span the entire y

Predictive interval for y — fi(x)

E(y— i) =y—(Bo+px)=0

o? ¥(x - x)?
vV - =g 4 —x=2t T2
ar(y u(x)) o+ - X R
_ o 1 w2
1—ainterval:( y; £ ta/on |62 1+ Z+ m

Predictive interval is longer than the confidence
interval, as it spans the entire y



